











































































































Riemannian metrics

Def'd A Riemannian metric on M denoted by g or i

Cposdefinite
is an association of an inner product Gp or L p defined

on TPM depending smoothly on p E M
Sp Sp

Picture T F

1 Ill in
f T

T M
P

Locally in word X X on M

G gig Symm posdefinite nxn matrices often

where GijCx x Gy i dependssmoothly
on CX xD

Equivalently G is a symmetric 0,2 tensor on M

which is pos definite at everypoint on M

Def'd Mn g Riemannian manifold

Def A smooth map f M g N h between Riem manifolds

is i an isometry if f M N is a diffeomorphism

St f h G i.e Gp un hfcpfdfpcas.defpu
iz a local isometry at p if 7 nbd UU of P s t

f U f U is an isometry
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Examples 1 IR 9rad I dxi dxi
it

2 Isometric Immersions f M N h immersion

f h is a Riem metric on M

why f h
p un hfcpIdfpcal dfpcv

I 1 1 1

In particular M C N then L M c N inclusionmap

h Riem metric on N HIM a c h inducedmetric on M

EI I St E CR Sena SeadIgn ground

3 Product metric Mig Nih Riem mfd

Mx N G h product Riem mfd
Nih

0locally g h hDCM.gg

EI Consider 8 E CIRTena

vs T i S x 8 flat n tones
a times

PNP FVery smooth manifold M admits a Riem metric

Sketchof Proof Ui i atlas w PO U fi Spaceofpoidef
f symmmatnes

A is a cone
define G a f 2 dxi dxJ B

tataers
pros definite T

D














































































































Remark Every oriented Mig has a preferred volumeform

W dug E Igi dx n rdx's

invar under
changeof word

Remark Let C a b M smooth cure

Define length c f geCc'ceI.cETdt

Connections

Q How do we differentiate f CCFM

Ai f ECTM X f or df X or f

the same

Q How do we differentiate vector fields Y C TCTM

AI Lie derivative Y X Y
Y

g g
g y

differentiate Y along C

T LxYscp depends on the values

Ctdineegrol are of X and Y in a nbd of P

Reason Y is NITcensorial in X

L Y Ff f Y

AI Covariant derivative 0 4

needs an extra structure of a connection














































































































Def An affine connection on M is a map

T TCTM x TCTM TCTM

X Y 0 4

St i T is bilinear over IR

Cir's 0 4 f 0 4 of c Calm

iii Tx FY X f Y t f 0 4 Of CTCM

One can use T to define a covariant derivative as follows

Ct Ct I M curve

f P f Ct I TM vector field along C
17

ie Uct E Tae M
c

Def DV T is tensorial
Te ToV in X variable

fo well definedmess

Covariant
a vectorfield

dentatie
along c

of alongC

lemma 7 4 p depends only on X p and the values of Y

along ANY cure tangent to at p
Xcp c'co

Proof Locally in coordinates Yo4170999
TFu

X Fai i Y bj C cool



yxy T.gaiz.it biZxili FaiT3xilFbiFxi
rearmed

E ai 0 lb Zx E ai 23 Exit aibjoz.FI

WntlT2gxiZxj ZkTijkZyh where Tigh Christoffel symbols
of y

7 4 En X bn In IgnTijhaibj h

Z X bk t.F.gljrhaibj n

af p
dependsonlyon dependsonly
Xcp and on Xcp Yip

Ya bkalonga caneC is

This Lemmon provides a way to define the notion of

covariant derivative of a vector field along a
Yextends

aime Ct on M i v

p g
t t

t f e

iDV
g ft

t l 9a T Y cuddt c th
at p dependsonlyon CEO andV

where 4 is any smooth local extension of



Prop L1 Da V 1W DF u v we TCTM

z FV date f Ddt tf CECM

Proof Follows from lil Ciii of T
os

Def n A vector field V along a curve C is parallel
V

if D o Tveitdt g

Locally write Fai Fyi
Ct Cdt Cult i c'Ct GCt

So V is parallel iff

o Dd 7 Tzcjzx.nl aiZxi

O z
d
da.it 3TiihcjaiZxnie.ddAkct t 2 Tijk at Cj't ai t O t k l n

1st order linear ODE system

Longtime existence uniqueness given

any initial data Aico



In other words if C Co I M is a smooth cure joining

p CCO to q c 1 Givenany Vo E TPM 7 parallelv.fr Vct

q g g
gTThe

alonso at Uco Vo

or Themap p Tpm Tqm
p u u
u c Ces Vo 1Cw

is called paralleltransport firm p t q along C
Exa P is a linear isomorphism

Fact On the same manifold M the space of attire connections

defined on M forms an affine space ie
affine

Conn M f anonnectm To W
vector
Space

Motto For a Riemannian manifold M g there is a

canonical connection called Riemannian Levi Civita connection

Fundamental Thin for Riemannian Geometry

Given a Riem mfd M G 7 Connection s t TX ii 2 cTrim
n a

2 Metric compatible Og O

X ga Z g 0 4,2 814,0 2

Z Torsion free smoothstructure

8 4 Ty X X Y



Proof Suppose such a connection T exists

I implies

X ga Z g 0 4,2 814,0 2

1 Y got X g T.it x got Tex

E x Y g Tax Y Glx Oz's
2

RHS g x 2 I Y G C c 2 I X gfcx.tl t 12845 2

Rearranging gives Kozsul formula

G Q X Z Iz
X 9147 Y 912 x 2 six y

g x 2I Y GCCc 2I X stain t

This shows 0 exists and is unique

In local word TaqZx IZTijk h where

Tigh Iz g
ke
Diggn t 2 Ski 2h9 ij

Remarks a torsion free Tijk Tj
Why Ty Jj Ty D Ii Jj O

ETijhan ETjih2k W
h k est re

For covariant derivatives along a curve ccf

ddzfgcv.ws 9lDdIe.w tSlv.Ddw



In particular if V W areparallel then S EV W E const alongC

so U parallel HUH g Viv const

FROM NOW ON We Assume

M g equipped with T
Riem connectionRiem mfd


